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Abstract 

A finite graph T is called G-symmetric if G is a group of automorphisms of T which 
is transitive on the set of ordered pairs of adjacent vertices of T. We study a family of 
symmetric graphs, called the unitary graphs, whose vertices are flags of the Hermitian unital 
and whose adjacency relations are determined by certain elements of the underlying finite 
fields. Such graphs admit the unitary groups as groups of automorphisms, and they play a 
significant role in the classification of a family of symmetric graphs with complete quotients 
such that an associated incidence structure is a doubly point-transitive linear space. We give 
this classification in the paper and also investigate combinatorial properties of the unitary 
graphs. 
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1 Introduction 

This paper was motivated by our interest of classifying a family of symmetric graphs with 
complete quotients such that a certain design involved is a doubly point-transitive linear space. 
It is known that for such a linear space the group involved is almost simple or contains a regular 
normal subgroup which is elementary abelian. We handle the almost simple case in this paper. 
It turns out that the most interesting graphs arisen from this classification are what we call the 
unitary graphs. Their vertices are the flags of the Hermitian unital and their adjacency relations 
are determined by certain elements of F* 2 (see the next section for precise definition). The groups 
involved in the unitary graphs are the unitary groups between PGU(3, q) and PTU(3, q). 

Let G be a finite group and T a finite graph with vertex set U(T). Suppose G acts on U(T) as 
a group of automorphisms of T, that is, G preserves the adjacency and non-adjacnecy relations 
of r. If G is transitive on U(T) and, in its induced action, transitive on the set of arcs of T, 
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then r is said to be G-symmetric, where an arc is an ordered pair of adjacent vertices. A G- 
symmetric graph is also called G-arc transitive in the literature. There is an extensive literature 
on symmetric and highly arc-transitive graphs beginning with [20]. The reader is referred to 
two useful surveys mm in this area. 

For a G-symmetric graph T, if 1/(T) admits a nontrivial G-invariant partition B = {B, G,...}, 
that is, 1 < \B\ < |G(r)| and any element of G maps blocks of B to blocks of B, then we call 
r an imprimitive G-symmetric graph. In this case the quotient graph Tg of T relative to B is 
defined to be the graph with vertex set B in which B,C € B are adjacent if and only if there 
exists at least one edge of T between B and G. We assume without explicit mentioning that Tg 
has at least one edge. Since T is G-symmetric and B is G-invariant, this implies that each block 
of B is an independent set of T. Denote by T(ck) the neighbourhood of a £ V(T) in T and set 
T(B) = U Qe gT(a). For G € B adjacent to B in Tg, we call m = \{D € B : T(D)nB = r(G)nI3}| 
the multiplicity of B. Since T is G-symmetric and B is G-invariant, \B\, |r(G) fl B\ and m are 
all independent of the choice of B and G. If |T(G) fl B\ = \B\ or |T(G) (1 B\ = \B\ — 1, then 
T is called a multicover (e.g. M) or almost multicover of Tg respectively; if in addition the 
edges between B and G form a matching, then T is called a cover or almost cover [22] of Tg 
respectively. 

A natural incidence structure T)(T,B) [23] arises when T is an almost multicover of Tg. Its 
points are the blocks of B and its blocks are the images of B(a) U {B} under the action of G, 
where a € B is fixed and B(a) = {G € B : T(G) fl B = B \ {a}}. The incidence relation of 
V(T,B) is the set-theoretic inclusion. In general, T>(T,B) is a 1-design of block size m + 1 [24[ 
Lemma 2.2], In the special case when Tg is a complete graph, V(T,B) is a 2-design that admits 
G as a doubly point-transitive and block-transitive group of automorphisms. A program set up 
in [24] is to classify all possible V in the special case when Tg is complete and this 2-design is 
a linear space. (A linear space [Ij is an incidence structure of points and lines such that any 
point is incident with at least two lines, any line with at least two points, and any two points are 
incident with exactly one line.) When this linear space is trivial (that is, each line is incident 
with exactly two points), all graphs are classified in [24] , Theorem 3.19] and interesting graphs 
arise, including the cross ratio graphs mm from finite projective lines. 

All nontrivial doubly point-transitive linear spaces are known [12] and the corresponding 
group G is almost simple (that is, G has a nonabelian simple normal subgroup N such that 
N < G < Aut(A r )) or contains a regular normal subgroup which is elementary abelian. In this 
paper we classify (T,G, B) such that Tg is complete and almost multi-covered by T, V{T,B) is 
a nontrivial linear space and G is almost simple. The most interesting graphs arisen from this 
classification are the unitary graphs; see Definition [3[ Let T + (P-,d, q) (T~(P; d, q), respectively) 
be the graph [25] with vertices the point-line flags of PG(d — l,q) such that two such flags 
(a, L ), (r, N ) are adjacent if and only if L, N are intersecting (skew, respectively) in PG(d— 1, q ). 
The following is the main result in this paper. 

Theorem 1. Suppose T is a G-symmetric graph admitting a nontrivial G-invariant partition B 
of block size at least 3 such that Tg is a complete graph, T is an almost multicover of T g and 
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X>(T, £>) is a nontrivial linear space. Suppose further that G is almost simple. Then one of the 
following occurs: 

(a) T is isomorphic to T + (P;d,q) or T~(P;d,q), and PSL (d,q) < G < PTL(d, q), for some 
integer d > 3 and prime power q; 

(b) T is isomorphic to a unitary graph T r ^x(q) and PGU(3,(7) <3 G < PrU(3,Q , ) ; for a prime 
power q > 2 and appropriate r, X; 

(c) T is isomorphic to one of the four graphs whose vertices are the flags of PG(3,2), and 
G = A?; these graphs have order 105 and (valency, diameter, girth) = (24,2,3), (24,3,3), 
(12,3,4), (12,3,3) respectively. 

The unitary graphs T rj \(q) in (b) will be defined in Definition [3j they are the main objects 
of study in this paper. The four graphs in (c) will be described in the proof of Theorem [T] in 
Section [5j 

Theorem |T] relies on the classification |12j of doubly point-transitive linear spaces (which 
relies on the classification of finite simple groups) and the flag graph construction introduced 
hi [H]. A major part of the proof of Theorem [l] is to analyze the unitary graphs. This will 
be carried out in Section [3] As we will see later, the vertex set of a unitary graph admits two 
natural partitions such that one of the corresponding quotient graphs is a complete graph and 
the other one is not. It seems that the second quotient is interesting, and we will study its 
combinatorial properties in Section [I] 

In a recent paper |25] the fourth-named author used unitary graphs to obtain a lower bound 
on the largest number of vertices in a symmetric graph with diameter two and degree q(q 2 — 1) 
for a prime power q > 2. 

The reader is referred to [3] and [T] for undefined terminology on permutation groups and 
combinatorial designs respectively. This paper forms part of the fourth author’s project of 
studying imprimitive symmetric graphs; see El on ns eng and m-m for recent progress in 
this direction. 

2 Definition of the unitary graphs 

Before giving the definition of the unitary graphs, we gather basic results on the unitary groups 
and the Hermitian unitals. The reader is referred to [46 , 19], Appendix A] and jj), Section 
II.8] for more details. 

Let q = p e > 2 with p a prime. The mapping a : x H > x q is an automorphism of the 
Galois field F 9 2 , which we will write as x q = x occasionally. The Galois field ¥ q is then the 
fixed field of this automorphism. Let V(2> ,q 2 ) be a 3-dimensional vector space over ¥ q 2 and 
fl : D(3, q 2 ) X V{2>, q 2 ) —>• ¥ q 2 a nondegenerate cr-Hermitian form (that is, fl is sesquilinear such 
that fl(au,bv) = ab q (3( u, v) and /3(u, v) = /3(v, u) 9 ). The full unitary group TU(3,q) consists 
of those semilinear transformations of V(3,q 2 ) that induce a collineation of PG(2, q 2 ) which 
commutes with fl. The general unitary group GU(3,g) = TU(3,q) H GL(3,q 2 ) is the group of 
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nonsingular linear transformations of V(3, q 2 ) leaving /3 invariant. The projective unitary group 
PGU(3, q) is the quotient group GU(3 ,q)/Z, where Z = {al : a G F g 2 ,a 9+1 = 1} is the center of 
GU(3, q) and I the identity transformation. The special projective unitary group PSU(3, q) is the 
quotient group SU(3,g)/(Z fl SU(3, q)), where SU(3, q) is the subgroup of GU(3, q) consisting 
of linear transformations of unit determinant. PSU(3, q) is equal to PGU(3,(?) if 3 is not a 
divisor of q + 1, and is a subgroup of PGU(3, q) of index 3 otherwise. It is well known that the 
automorphism group of PSU(3, q) is equal to PrU(3, q) := PGU(3, q) x (ip), where 


ip : x i->- x p , x G W q 2 

is the Frobenius map. (We may also view ip as the element x' = x p , y' = y p , z' = z p of PrU(3, q) 
induced by this map.) 

Choosing an appropriate basis for V (3, q 2 ) allows us to identify vectors of V (3, q 2 ) with their 
coordinates and express the corresponding Hermitian matrix of /3 by 


D = 


-1 

0 

0 


0 0 
0 1 
1 0 


Thus, for ui = (xi,yi,zi),u 2 = (x 2 ,y 2 ,Z 2 ) G V(3,q 2 ), 

/3(ui,u 2 ) = -xix\ + y\zl + ziy q 2 . 

If /3(ui, u 2 ) = 0, then ui and u 2 are called orthogonal (with respect to /?). A vector uGh(3, q 2 ) 
is called isotropic if it is orthogonal to itself and nonisotropic otherwise. Let 

X = {( x,y,z) :x,y,z G ¥ q2 ,x q+1 = yz q + zy q } 

be the set of 1-dimensional subspaces of V(3, q 2 ) spanned by its isotropic vectors. Hereinafter 
(u) = ( x,y,z ) denotes the 1-dimensional subspace of V(3 ,q 2 ) spanned by u = ( x,y,z ) G 
H(3, q 2 ). The elements of X are called the absolute points. It is well known that \X\ = q 3 + 1, 
PSU(3, q) is doubly transitive on X, and PrU(3,g) leaves X invariant. Denote 


oo = (0,1,0), 0 = (0,0,1). 


Then oo, 0 G X. Any point of X other than oo is of the form (x, y, 1) and can be viewed as the 
point (x, y) of AG(2, q 2 ) satisfying x q+l = y + y q . 

If ui and u 2 are isotropic, then the vector subspace (ui,u 2 ) of V(3 ,q 2 ) spanned by them 
contains exactly q + 1 absolute points. The Hermitian unital Uu{q) is defined to be the block 
design with point set X in which a subset of A is a block (called a line) precisely when it is the 
set of absolute points contained in some (ui,u 2 ). It is well known (see [T2l [T6l [T9] ) that Uu{q) 
is a linear space with q 3 + 1 points, q 2 (q 2 — q + 1) lines, q + 1 points in each line, and q 2 lines on 
each point. (Any linear space with these parameters is called a unital.) It was proved in |161ll9j 
that Aut(Uf{(q)) = PTU(3,g). Thus, for every G with PSU(3, y) < G < PrU(3,g), Uu(q) is a 
G-doubly point-transitive linear space. (Note that either G = PSU(3, q) or G = PGU(3, q) x ( ip r ) 
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for some divisor r > 1 of 2e.) This implies that G is also block-transitive and flag-transitive on 
U H (q), where a flag is an incident point-line pair. 

A line of PG(2, q 2 ) contains either one absolute point or q + 1 absolute points. In the latter 
case the set of such <7 + 1 absolute points is a line of Uu(q ); all lines of Un(q) are of this form. 
So we may represent a line of Un(q) by the homogenous equation of the corresponding line of 
PG(2, q 2 ). 

Lemma 2. Let ui = (ai, 6 i,ci) and 112 = (a 2 ,b 2 ,C 2 ) be isotropic vectors ofV(3,q 2 ) such that 
(ui) ( 112 ). Then for each p £ F * 2 there are exactly q + 1 vectors uo £ V( 3, q 2 ) such that 

^(u 0 ,u 0 ) = -p q+1 , /3(u 0 ,ui) = 0 , /?(u 0 ,u 2 ) = 0 . ( 1 ) 

Moreover, any two such vectors uo differ by a scalar multiple. 

Proof Since (ui) ( 112 ), either a\b 2 — a 2 b\ 0, aiC 2 — 0201 0, or b±C 2 — & 2 C 1 0. 

Consider the case b\C 2 — & 2 C 1 0 first. Denote uo = (ao, 6 o,co) £ P(3, q 2 ). From /3(uo,ui) = 

/3(uq, U 2 ) = 0 we have 


b 0 = a 0 (a 2 bi - aib 2 ) q /(c 2 bi - cib 2 ) q , c 0 = a 0 (a 2 c 1 - aic 2 )V( 6 2 ci ~ bic 2 ) q ■ ( 2 ) 

Plug these into /3(uo,uo) = — p q+l we obtain aQ +1 = p q+1 /r] for a certain rj £ ¥* determined 
by ui and U2. Since {p q+1 /rf) q = p q+l /77, we have p q+1 /r] £ F*. Hence there are exactly q + 1 
elements oq £ F* 2 such that (Jq +1 = p q+l /77 and so there are exactly q + 1 vectors uo satisfying 
©■ Because of @ any two such vectors are multiples of each other. 

The case where 0162 _ 0 or aiC 2 — a 2 Ci 0 can be dealt with similarly. □ 


Define 

V(q) = the set of flags of Uu(q)- (3) 


Definition 3. Let q = p e > 2 be a prime power and r > la divisor of 2e. Suppose A £ F * 2 such 
that \ q belongs to the (i/F^-orbit on ¥ q 2 containing A. The unitary graph F r ,\(q) is defined to be 
the graph with vertex set V(q) such that ((ai, b\, ci), L\), (( 02 ^ 2 , 02 )^ 2 ) £ V(q) are adjacent 
if and only if L\ and L 2 are given by: 



X 

a\ 

a 0 + a 2 

L\ : 

y 

bi 

bo + b 2 


z 

Cl 

co + c 2 


(4) 


x 


L2 '■ 


y 


z 


02 

b 2 

C2 


a 0 + A q P ir ai 
b 0 + x q p tr h 
c 0 + X qpir ci 


= 0 


(5) 


for an integer 0 < * < 2 e/r and a nonisotropic (a 0 , b 0 , Co) £ V (3, q 2 ) orthogonal to both ( 01 , b\, c\) 
and (a 2 , b 2 , c 2 ). 
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Remark 4. (a) The requirement on (ao, 6 o,co) is equivalent to that uo = ( ao,6o>co ) satisfies 
© for ui = (ai, bi, ci) and U 2 = ( 02 , 62 , C 2 ), because every element of F * 2 is of the form — n q+1 
for some // G F* 2 . We will often use this fact in the sequel. 

(b) The requirement on A is equivalent to that X ptr = \ q for at least one 0 < t < 2e/r\ This 
ensures that T r ,\(q) is defined as an undirected graph. (However, T r \(q) is independent of the 
choice of such t .) In fact, since r is a divisor of 2e, we have (j + t)r = 2e for some integer j and 
so A = X qpJr . Hence the equations of L\ and L 2 above can be rewritten as 



X 

a 2 

Aa 0 + A 9pir+1 ai 


X 

x qpir+1 ai 

Xa 0 + X qpjr a 2 

L 2 ■ 

y 

62 

Xb 0 + X qpir+1 bi 

o' 

II 

y 

x q pir+1 b! 

Xb 0 + X qpir b 2 


z 

C2 

Ac 0 + X qpir+1 c\ 


z 

X qpir+1 ci 

Ac 0 + X qpjr c 2 


Since Auo is a solution to dTJ) with fi replaced by Xfi, from (| 6 |) it follows that the adjacency 
relation of T rt x(q) is symmetric and so T r ^\(q) is well-defined as an undirected graph. 

(c) T r ,x(q) has |H(g)| = q 2 (q 3 + 1) vertices. Its valency is determined by r and A (for a fixed 
q) as we will see in Theorem [51 

Example 5. In the case q = 3, r can be 1 or 2. If r = 1, then every A G Fg trivially satisfies 
A 3 ‘ = A 3 for t = 1 and hence gives rise to the unitary graph Ti i a( 3). If r = 2, then t = 0, 
and A = A 3 holds if and only if A = 1 or A = a ; 4 = 2, where a; is a primitive element of Fg. 
So T 2 .i( 3 ) and T 2 , 2 ( 3 ) are the only unitary graphs obtained from r = 2. We will see that each 
I\a( 3) is PTU(3,3)-symmetric, and r 2 ,i(3) and r 2 , 2 ( 3 ) are PGU(3, 3)-symmetric. With the 
help of MAGMA [2] we obtain that Pi i i(3) = r 2 ,i( 3 ), Pi,o;(3) = r lu) 3 ( 3 ), r luJ 2 ( 3 ) = ri )W 6(3), 
r li 2 (3) = r 2 , 2 (3) and Pi jaj 5 ( 3 ) = ri !a , 7 ( 3 ), all with order 252, and they have (valency, diameter, 
girth) = (24, 3,3), (48, 3,3), (48, 2, 3), (24, 3, 3), (48, 3, 3), respectively. 

Similarly, if q = 4, the only graph-group pairs are: (Pi^(4), PrU(3,4)), (r 2 ^(4), PGU(3,4) x 
(r 4 ,i(4),PGU(3,4)) and (r 4 ia ,s(4), PGU(3,4)), where A G F ^ 6 and u is a primitive element 

of Fi 6 . 

Example 6. For every divisor r > 1 of e, say, e = tr, X p = X q is trivially satisfied by all 
A G F * 2 and so T r! \(q) is well-defined. These graphs are PGU(3, q) x (?/; r )-symmetric as we will 
see later. 

3 Characterization of the unitary graphs 

As part of the proof of Theorem [TJ in this section we characterize the unitary graphs as a 
certain family of imprimitive symmetric graphs admitting the unitary groups as groups of auto¬ 
morphisms. This characterization involves the quotient of a unitary graph with respect to the 
natural partition of its vertex set induced by the points of Uu{q)- A major tool to be used is 
the flag graph construction introduced in [23j which we outline below. 

Let P be a 1-design which admits a point- and block-transitive group G of automorphisms. 
For two points a, r of T> and a line L incident with a, denote by G a the stabilizer of a in G, by 
G aT the stabilizer of a, r in G (subgroup of G fixing each of a and r), and by G a) L the stabilizer 
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of the flag (c, L). For a subset 17 of flags of T>, denote by 17(c) the set of flags in 17 with point 
entry c. A G-orbit 17 on the flags of T> is called feasible with respect to G [23] if 

(Al) 117(a) | > 3; 

(A2) LniV = {cr}, for distinct (c, L), (a, N ) £ 17(c); 

(A3) G a) L is transitive on L \ {c}, for (a, L) £ 17; 

(A4) G aT is transitive on 17(c) \ {(c, L)}, for (c, L) £ 17 and t £ L \ {c}. 

Since G is transitive on the points of V, the validity of these conditions is independent of the 
choice of c. Given a feasible 17, a pair of flags ((c, L), ( t,N )) £ 17 x 17 is said to be compatible 
[24] with 17 if 

(A5) c 0 N, t 0 L but c £ N', t £ U for some (c, L'), (r, N') £ 17. 

From (A2) both (c, L') and (r,N') are uniquely determined by ((a, L), ( t,N )). If T C 17 x 17 is 
a self-paired G-orbital of 17 compatible with 17, define [23] the G-flag graph of V with respect 
to (17, T), denoted by T(V, 17, IF), to be the graph with vertex set 17 and arc set 'F. It is proved 
in |24| Theorem 1.1] that, for an imprimitive G-symmetric graph (r,£?) with B having block 
size at least 3, T is an almost multicover of Tg if and only if T is isomorphic to r(77,17, T) for 
a G-point-transitive and G-block-transitive 1-design T>. And in this case the block size of V is 
equal tom + 1 and Tg has valency mv ( 231 Lemma 2.1(a)], where m is the multiplicity of B. In 
particular, we have: 

Lemma 7. ffSjj Corollary 2.6]) Let s > 3 be an integer and G a finite group. The following 
statements are equivalent. 

(a) r is a G-symmetric graph admitting a nontrivial G-invariant partition B of block size s 
such that T& is a complete graph and T is an almost multicover ofTg. 

(b) r is isomorphic to r(I7,17,'F) for a G-doubly point-transitive and G-block-transitive 2- 
(v,k, A) design V with ( v — 1 )/(k — 1) = s, a feasible G-orbit 17 on the flags ofV, and a 
self-paired G-orbital T o/17 compatible with 17. 

Moreover, v is equal to the number of vertices ofT g, k — 1 is equal to the multiplicity of B, and 
G is faithful on the vertex set of T if and only if it is faithful on the point set of V. 

The design V in (b) corresponding to a given (T, G, B) is isomorphic to V(T, B) (see the 
introduction for its definition) as shown in the proof of [241 Theorem 1.1]. 

We will need Lemma [7] in the proof of Theorem [TJ At present we use it to prove the following 
characterization of the unitary graphs, which forms part of the proof of Theorem |T] Denote by 
B(a) the set of flags of Un{q) with point-entry c. Define 

B = {5(c) : c £ X}, (7) 
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so that B is a partition of V(q) with block size q 2 . Denote by L(ar) the unique line of Uh(q) 
through two given points o and r. For r and A as in Definition [3l define 


K,x{q) 


Ml l 

M)\ 


( 8 ) 


where (ip r )\ is the stabilizer of A in (ip r ). Then k r ,\(q) is the size of the (^ r )-orbit on F g 2 
containing A. Note that k rt \(q) is a divisor of 2e/r and is equal to the least integer j > 1 such 
that X pJr = A. 


Theorem 8. Let q = p e be a prime power and r > 1 a divisor of 2e. Let G = PGU(3, q) xi (ip r ). 

(a) Suppose A £ F * 2 such that X q belongs to the (ip r )-orbit on F g 2 containing X. Then T rt \(q) 

is a G-symmetric graph of order q 2 (q 3 + 1) and valency k r ,\(q)q(q 2 — 1) that admits B 
above as a nontrivial G-invariant partition such that the quotient r r ,\(q)i3 a complete 

graph and T r \(q) is an almost multicover ofV r \(q)B- Moreover, for distinct points <j,t of 
U H (q), (<r, L(gt)) is the only vertex in B(a) which has no neighbour in B(r). Furthermore, 
the bipartite subgraph of r r .\(q) induced on B(a) U B(t) (excluding the two isolates) has 
valency k T) \(q), and each vertex ofT r> x(q) has neighbours in exactly q(q 2 — 1) blocks of B. 

(b) Conversely, if T is a G-symmetric graph that admits a nontrivial G-invariant partition B 
of block size at least 3 such that Tg is a complete graph, T is an almost multicover ofTg, 
and D(T,B) is a linear space, then T is isomorphic to a unitary graph r r ^(g) for some 
q, r, X as above. 

The rest of this section is devoted to the proof of Theorem [5J We need the following results 
which can be easily verified. (We write elements of PGU(3, q) as linear transformations.) 

Lemma 9. (a) PGU(3,(j , ) 00 = {x' = (ax + bz)/a,y' = (ab q x + a q+l y + cz)/a, z' = z/a : a £ 

F *2 ,b,c € ¥ q 2 ,c q + c = b q+1 }. 

(b) PGU(3, g)oo ,0 = W = x,y' = a q y,z' = z/a : a £ F* 2 }. 

(c) For any divisor r > 1 of 2e, (PGU(3, q) xi (ip r )) 0 o = PGU(3, q)^ xi (ip r ). 

In the following we will use the following well known facts: for any ry £ F*, the equation 
x q+1 = r/ has exactly q+ 1 solutions in F* 2 ; for any rj £ F g , the equation x + x q = rj has exactly 
q solutions in F q 2 . 

Now we prove that V(q) is feasible with respect to PGU(3, q). 

Lemma 10. (a) For any divisor r > 1 of 2e, V(q) is feasible with respect to PGU(3, q) xi (ip r ). 

(b) If 3 divides q + 1, then V(q) is not feasible with respect to PSU(3, q). 

Proof (a) It suffices to prove that V(q) is feasible with respect to PGU(3,g). Obviously V(q) 
satisfies (Al) and (A2). Let L : x = 0 be the line through oo and 0. Since PGU(3, q) is transitive 



on V(q), to prove (A3) it suffices to prove that PGU(3, q)oo,L is transitive on L\ {oo}. In fact, 
by Lemma [9] we have 

PGU(3, q)oo,L = W = x, y' = (a q+l y + cz)/a, z' = z/a : a € F* 2 , c q + c = 0}. (9) 

By the orbit-stabilizer lemma, the PGU(3, g , ) OGi i-orbit on I \ {oo} containing 0 has length 
|PGU(3, g)oo,L|/|PGU(3, g)oo,L,o| = Q = \L \ {oo}| (note that PGU(3, q)oo,L,o = PGU(3, q)oofi)- 
It follows that PGU(3, q)oo,L is transitive on L \ {oo}. 

Since PGU(3, q) is doubly transitive on the set of points of Un(q), V(q) satisfies (A4) with 
respect to PGU(3, q) if and only if PGU(3, q)oo,o is transitive on the set of lines through 0 
other than L. Fix such a line, say, N : y = x. The image of N under a typical element 
x' = x, y' = a q y,z' = z/a of PGU(3, q)oo ,0 has equation y = a q x , where a £ F* 2 . Since all lines 
of U}j{q) through 0 other than L are of this form, it follows that V(q) satisfies (A4) and so is 
feasible with respect to PGU(3, g). 

(b) By Lemma El the image of N : y = x under a typical element of PSU(3, q)oo ,0 has 
equation y = a q x, where a £ F* 2 satisfies a q ~ l = d 3 for some d £ F* 2 such that d q+1 = 1. Since 
not every line of Un(q) through 0 but not oo is of this form when 3 divides q + 1, V(q) is not 
feasible with respect to PSU(3, q) in this case. □ 

Lemma 11. For (o’, L) £ V(q), PGU(3, q) a ,L is regular on the set of points of Uff(q) not in L. 

Proof Since PGU(3, q) is transitive on V(q), without loss of generality we may assume o = oo 
and L : x = 0, so that PGU(3, q)oo,L is as given in Q. Fix a point r = (l,m, 1) of Uu(q) 
not in L, where l £ F * 2 and m £ F ? 2 such that l q+1 = m + m q . An element x' = x,y' = 
(a q+1 y + cz)/a,z' = z/a of PGU(3, q)oo,L fixes t if and only if a = 1 and c = 0; that is, 
PGU(3, q)oo,L,r is the identity subgroup of PGU(3, q). Thus the PGU(3, ?)oo,x,-orbit on V(q) 
containing t has length |PGU(3, q)oo,L\ = ( q 2 — 1 )q. Since there are exactly (q 2 — l)q points of 
Un(q) not in L, it follows that PGU(3, q)oo,L is regular on such points. □ 

Proof of Theorem [ 8 ] (a) Denote T = r r ,x(q) and k* = k Tj \(q). Since PGU(3,g i ) preserves 
the Hermitian form (3, one can verify that G preserves the adjacency relation of T (under the 
induced action of G on V(q)) and hence can be viewed as a subgroup of Aut(r). T is clearly 
G-vertex transitive. We now prove that T is G-symmetric. 

Choose d £ F * 2 such that d + d q = 1. Then (1 ,d, 1) £ X and L : x = z is the unique line 
through oo and (1, d, 1). Since an element of G^ fixes L if and only if it maps (1, d, 1) to a point 
in L, we have 

H := Goo, l = PGU(3, g)oo, L x (V), (10) 

where by Lemma [9] one can show that PGU(3, q)oo,L = { x ' = (ax + (1 — a)z)/a,y' = (a(l — 
a) q x + a q+1 y + cz)/a, z' = z/a : a £ F* 2 , c q + c = (1 — a) 9+1 }. 

A flag (( 112 ), L 2 ) £ V(q) is adjacent to ( 00 , L) in T if and only if there exists uo = (ao, ho, Co) £ 
V(3,q 2 ) satisfying }T]) for ui = (0,1,0), U 2 = ( 02 ^ 2 , 02 ) and some y £ F * 2 such that L and 
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L/2 are given by (HJ) and © respectively. One can see that dU) gives L : x = z if and only 
if Co + C2 = ao + 02 0 . From the second equation in (H]) we have Co = 0 , and using this 

the other two equations in dH) amount to Og +1 = y q+1 and aoa| = respectively. Thus 
uo = (ao, a§a\l (ao + a 2) q , 0 ). Since U2 is assumed to be isotropic, we have (ao + 02)^2 + (oo + 
02)^2 = a 2 +1 > which gives exactly q possible values of 62 for fixed ao and 02- Note that for a 
fixed ao, a2 can be any element of F g 2 other than —ao- Thus, for a fixed ao, there are exactly 
q(q 2 — 1) isotropic vectors 112 = (02,62)^0 + 02), of which no two are multiples of each other, 
such that ((112), L2) is adjacent to (00, L) for some L2 through 112. Since for a fixed /r any two 
solutions to x q+l = y q+1 differ by a scalar multiple which is a (q + l)st root of unity, one can 
see that different pairs (ao,/r) satisfying Oq + 1 = /r 9+1 give rise to the same set of 112. Thus it 
suffices to consider one fixed pair (ao,/r) only. Since X qp " = X qpl ' if and only if A p " = A p * r , 
each U2 corresponds to precisely k* different lines L2 such that ((112), L2) is adjacent to (00, L). 
Therefore, the valency of (00, L) (and hence all other vertices) in T is equal to k*q(q 2 — 1). 

Choosing fi = 1, uo = (1,0,0), 112 = (0,0,1) and i = 0. (f 5 l) gives rise to the line N : y = X q x 
and thus (00, L) and (0,1V) are adjacent in T. We have Ho = {ij > r ), where H is as defined in 
HDD- An element t/V r of Ho maps N to the line y = X qp3r x and hence it fixes N if and only 
if X pJr = A. In other words, Hq,n = : 0 < j < 2e/r,X pJr = A}, which is the stabilizer 

of A in (V’ r ) < Aut(F, a ). Thus |ILo,aH = 2 e/(k*r). Since \H\ = 2 eq(q 2 — 1 )/r, by the orbit- 
stabilizer lemma the IV-orbit on V(q) containing (0,1V) has size k*q(q 2 — 1), which is equal to 
the valency of (00, L) in T by the previous paragraph. Since H is a subgroup of Aut(T) fixing 
(00, L) and (0,1V) is adjacent to (00, L), the IV-orbit on V(q ) containing (0,1V) is contained in 
the neighbourhood of (00, L ) in T. Since the two sets have the same size, it follows that H is 
transitive on the neighbourhood of (00, L ) in T. This together with the G-vertex transitivity of 
T implies that T is G-symmetric. 

It is clear that B is a G-invariant partition of the vertex set V(q ) of T. Since = Ho = 

(1l> r ) and Goo,o = PGU( 3 , g)oo,o x (' l P r ), by Lemma EJb) the G^o-orbit containing L on the set 
of lines through 00 has size q 2 — 1 . Since T is G-symmetric and (00, L) is adjacent to ( 0 , 1 V), it 
follows that exactly q 2 — 1 vertices in B( 00) have neighbours in B( 0 ). Since G is doubly transitive 
on the points of Un(q), this implies that for every pair of distinct blocks B,C € B, exactly q 2 — 1 
vertices of B have neighbours in G. Let Lq : x = 0 be the unique line of Un(q) through 00 and 
0 . One can verify that (00, Lq) is not adjacent to any vertex in B( 0 ) and ( 0 , Lq) is not adjacent 
to any vertex in B( 00). Thus (00, Lq) is the only vertex in B( 00) without neighbour in B( 0 ), 
and ( 0 , Lq) is the only vertex in -B(O) without neighbour in B( 00). Since G is doubly transitive 
on X, the last statement in (a) follows. 

Since the i/o-orbit containing N on the lines of Un(q) has size \Ho\/\Ho ) n\ = k*, (00, L) has 
exactly k* neighbours in B( 0 ). Since T is G-symmetric and B is G-invariant, it follows that any 
block B € B contains either none or exactly k* neighbours of any vertex not in B. Since the 
valency of T is equal to k*q(q 2 — 1 ) as shown above, each vertex of T has neighbours in exactly 
q(q 2 — 1 ) blocks of B. 

(b) By Lemma El we have T = T(T>, fi, \L) for a G-doubly point-transitive linear space V, 
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a feasible G-orbit D on the flags of T>, and a self-paired G-orbital of 12 compatible with Q. 

From the classification fL 2 j of such linear spaces it follows that T> = Un{q) and so = V(q) by 
Lemma m We will determine all possible *F and prove that they produce precisely the unitary 
graphs. 

Let L : x = z be as above. Since 0 is not on L, by Lemma fill anv G-orbital of V(q ) should 
contain ((oo, L), (0, IV)) for some line N through 0 but not oo. Suppose this G-orbital is self- 
paired. Then there exists (f> £ G that interchanges (oo,L) and (0,1V). Since (j>o ■ x' = x,y' = 
z,z' = y is in PGU(3, q ) and interchanges oo and 0, it follows that cjxpo £ G^o. Thus, by Lemma 
El^b), (jxj )o is of the form: x' = x pkr ,y' = X q y pkr ,z' = z pkr /A for some A G F* 2 and 0 < k < 2e/r. 
Hence cj) is of the form 

cj):x' = x pk \y' = A q z pkr ,z' = y pkr /X. 

It follows that 4> 2 : x' = x p2kr ,y' = \ q ~ pkr y p2hr : z' = X qpkr ~ x z pkr . Since <f>‘ 2 fixes L and maps 
(1, d, 1) £ L to (1, \i-P kr d p2kr , X qpkr ~ 1 ), where d £ F * 2 is such that d + d q = 1, we have A qpkr ^ 1 = 

1 , that is, X pkr = X q . Conversely, one can see that if 0 above satisfies X pkr = X q then it 
interchanges (oo ,L) and (0, IV) and hence the G-orbital of V(q) containing ((oo, L), (0, IV)) is 
self-paired, where N : y = X q x is the image of L under <fi. 

The argument above shows that each self-paired G-orbital T of V(q) should contain ((oo, L ), (0, IV)) 
for some N : y = X q x which is the image of L under some 0 above such that X pkr = X q for some 
k , and vice versa. Since 0 0 L and oo 0 IV, T is compatible with V(q) (taking for example 
L' = N' to be the unique line through oo and 0 in (A5)) and hence gives rise to the G-flag graph 
T(UH{q) 1 V(q),^). Moreover, all G-flag graphs of Un{q) are of this form. 

We now prove that T(UH(q),V(q),'b) above is isomorphic to T rj \(q). Let ui = (oi, 6 i,ci) 
and U 2 = ( 02 ,^ 2 ) C 2 ) be isotropic vectors with (ui) / ( 112 ). If an element of G maps 00 , 0 to 
(ui), ( 112 ) respectively, then it must be of the form 4> Uo ,i ■ x> = aox pir + a\y pir + a 2 Z p,r ,y' = 
box pir + b\y pir + b 2 Z pir ,z' = cqx p " + c\y p ' r + C 2 z plT for some uo = (ao, 6 o>co) G V(3,q 2 ) and 
0 < i < 2elr. Scaling when necessary, we may assume that 4>u 0 ,i maps (0,1, 0), (0, 0,1) to ui, 112 
respectively, so that / 3 (ui,U 2 ) = /3((0,1,0), (0,0,1)) = 1. Denote by A the matrix of 4> Uo ,i with 
columns uo,ui and 112 . Since 4> uo ,i S G, we have A T DA = D, or equivalently /3(uo,uo) = 

— l,/3(uo,ui) = 0,/ 3 (uo,U 2 ) = 0. By Lemma[2]these conditions are satisfied by precisely q + 1 
vectors uo = (ao,bo,co) that differ by scalar multiples. Thus the arcs of r(Uff(q), V(q), \k) are 
precisely those (((ui),Li), ((u 2 ),L 2 )) such that ui and U 2 are as above, uo is a solution to (P) 
with fL = 1, and L\ . L 2 are respectively the images of L, N under </> Uo ,i f° r some i. On the other 
hand, since L has equation x = z, one can verify that L\ has equation (J4]) . Similarly, since N 
has equation y = X q x, L 2 has equation ([5]). Therefore, V(UH{q), V{q), v k) — T rt \(q). □ 

The neighbourhood in T^^g) of a subset of V{q) is defined as the union of the neighbour¬ 
hoods of its vertices in r rj A(g). As a consequence of Theorem [ 8 l the neighbourhood of each 
B(a) G B in T r ^(g) is equal to the set of flags {(r, N) G V{q) : a 0 N} of Un(q) whose lines do 
not pass through a. 
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4 Another quotient of the unitary graphs 

Denote by C(L) the set of flags of Uh(q) with line-entry L. Let 

C = {C(L) : L is a line of Uh(q)}- 


(11) 


Obviously, C is a partition of V(q) with block size q + 1. Unlike T r> x(q)B — the quotient 

graph r r ^(g)e of r r]/ \(g) relative to C is not a complete graph. This section is devoted to 
combinatorial properties of r r - \(g)c in relation to T r \(q). 

If A / 1, denote 


V = 



lr,\(.q) 


m\ 

\(r) v 


( 12 ) 


Then l r ,x(q) is the size of the (^ r )-orbit on F g 2 containing i]. Straightforward computation yields 
('< (V’ r )r? and hence l T ,\{q) is a divisor of k r ^\{q). The following is the main result in this 
section. (The lexicographic product of a graph £ with a graph A is defined to have vertex set 
V(£) x V(A) such that (v,w), ( v',w') are adjacent if and only if either v,v' are adjacent in £ 
or v = v' and w, w' are adjacent in A.) 


Theorem 12. Let q = p e be a prime power and r > 1 a divisor of 2e. Let G = PGU(3, q) x ( if r ). 
Suppose A E F * 2 such that X q belongs to the ( i)> r )-orbit on W q 2 containing A. Denote T = T r ,\(q), 
k* = k rt x(q) and l* = l r ,x(q)- Then the following hold: 

(a) the valency ofTc is equal to q(q — 1) if A = 1, q(q 2 — 1)1* if A / 1 and A + X q / 1, and 
{q + l)(q 2 -l) if X + X q = 1; 

(b) the number of blocks of C containing at least one neighbour of a fixed vertex of T is equal 
to q(q — 1) if A = 1 , q(q 2 — 1)1* if A ^ 1 and X + X q / 1. and q(q 2 — 1) if A + A 9 = 1; 

(c) if A = 1, then T is isomorphic to the lexicographic product ofTc and the empty graph of 
q + 1 vertices; if A / 1 and X + X q 1, then V is a multicover of Tc and for adjacent 
C(Li),C(L 2 ) E C the valency of the bipartite subgraph of T induced on C(L i) U C{Lf) is 
equal to k*/l*; if X + X q = 1, then V is an almost multicover ofTc and the valency of this 
bipartite graph (excluding the two isolates) is equal to k*. 

We need the following two lemmas in the proof of Theorem [12j 


Lemma 13. Under the assumption of Theorem \121 let d E F g 2 be such that d + d q = 1 and 
d 1 — A. Let L : x = 0 and N : (1 — X)x + y + (1 — A — d)z = 0 be lines of Un{q)- Then (oo, L) 
and ( t,N ) are adjacent in T Tj x(q), where t = (— l,d, 1 ). 

Proof Choose uo = (1,—1,0), ui = (0,1,0), 112 = (— l,d, l),/i = 1 and i = (2e/r) —k in 
Definition [ 3 ] and JU). □ 


Lemma 14. 


Under the condition of LemmaWA the following hold for G = PGU(3, q) x (ip r ): 
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(a) \G L \ 


2q(q+l)(q 2 -l)e 


(b) \G l , n 


' if A = 1 

< if\^land\ + \i^l 

, i/A + A 9 = l 


2(g+l)e 


(c) IGoo^atI = py, 


2e 
r ’ 


*/A = l 

i/A / 1 and A + A 9 7 ^ 1 
*/ A + A 9 = 1 


Proof Since G is transitive on the lines of Uu{q), we have |Gl| = \G\/q 2 (q 2 — q + 1 ) = 
2 q(q + l)(g 2 — l)e/r and this proves (a). 

To prove (b) and (c) we need more information about Gl ■ Consider an element Qa.j '■ x' = 
aix pJr +a2'y pjr +azz pJr , y' = bix p3r + b2y p:>r + b^z p3r ,z' = c\x pJr + C2y p ° r +c^z pJr of G, where A = 


is the corresponding matrix. Since ( a.j maps 00, 0 E L to (02, 62 , C2), (03, 63, C3) 


respectively, £, 4 ^ fixes L if and only if <22 = = 0. This together with A T DA = D implies that 

Caj £ Gl if and only if 


v v 

a\x p 

+ a 2 y pJ 

a a 

02 

03 

61 

62 

63 

Cl 

C2 

C 3 


- af +1 + b\c\ + ci & 9 = -1 (13) 

61 C 2 + C 1&2 = 0 (14) 

6 ic| + C 1&3 = 0 (15) 

6 2 c| + c 2 &2 = 0 (16) 

b2c\ + C 2&3 = 1 (17) 

63 C3 + C3&3 = 0 (18) 


If none of 61,62 and 63 is equal to 0 , then ci/61 = —(C2/62) 9 = C2/62 and ci/61 = —(C3/63) 9 = 
C3/63. Call this common ratio h. Then h + h q = 0 but (h + h q )b2b^ = 1 by ( 1171 ) . This 
contradiction shows that at least one of 61, 62 and 63 is equal to 0 . On the other hand, by (I 17 |) at 
least one of 62, 63 is non-zero. If 61 / 0 , 62 = 0 but 63 7^ 0, then C2 = 0 by (HU), which contradicts 
(firp. Similarly, if 61 7^ 0, 63 = 0 but 62 7^ 0, then C3 = 0 by (fl 5 l) . which again contradicts ( 1 T 71 ) . 
Therefore, we must have 61 = 0 , which implies a ( ( +1 = 1 by (fT 3 l) and ci = 0 by (flD) and m 
Scaling when necessary, we may assume aq = 1 in the following. 

If 62, 63 7^ 0 , then by (fTUl) and (IT 5 D . we have C2 = 062 and C3 = 663 for some a, 6 S W q 2 with 
a + a 9 = 6 + 6 9 = 0 . From this and denoting 63 by c, we get 62 = (a — 6 )~ 1 c “ 9 by (fI 7 |) . Hence 
A is of the form 


1 0 0 
0 (a — b)~ 1 c~ q c 
0 a (a — b)~ 1 c~ q be 


(19) 


where a, 6 , c £ ¥ q 2 such that a + a 9 = 6 + 6 9 = 0 ,o /6 and c / 0 . 
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If 62 = 0 but 63 /O, then C 2 
A is of the form 


b 3 g by (fT71) and (C3/63) + (C3/63) 9 = 0 by (fl 8 |). In this case 


1 0 0 
0 0 6 
0 b~ q ab 


( 20 ) 


where a £ ¥ q 2 and b £ F * 2 such that a + a q = 0. Similarly, if 62 7 ^ 0 but 63 
form 

'10 O' 

0 6 0 , 

0 ab b~ q 


0, then A is of the 


( 21 ) 


where a £ F 9 2 and 6 £ F* 2 such that a + a q = 0. Note that (fl9l) - (l2T1) give rise to all elements 
Caj of G l , where 0 < j < 2e/r. 

Case 1: A = 1 . 

In this case N has equation y = dz. 

Claim 1 .1: Gl,n consists of those (a,j such that 0 < j < 2e/r and A is in one of the 
following forms: 


(i) A is given by (fT9l) with a = —( bd— l) q+1 [(bd— 1 ) q d + d qpJr ] 1 + 6 and c q+1 = d^ q+l ^ >p3r (bd — 
l)-(?+ 1 ) ) where 6 £ ¥ q 2 is such that 6 + b q = 0 and 6 7 ^ d _1 — d _ ('J+ 1 )+P jr ; 


(ii) A is given by (1201) with a = d 1 — d ( 9+ 1 )+p jr anc j 59+1 = ^ 9 +!. 

(iii) A is given by (12TT) with a = d~ l — d - ('J+ 1 )+'?P jr an d 6 9+1 = J-(9+ 1 )(p jV - 1 ). 


Claim 1 . 2 : Gqo^n consists of those (a.j such that 

(iv) 0 < j < 2e/r with d pJr / d, and A is given by (fl9l) with a = 0, 6 = (d — d^ 1 ^)” 1 and 
c q+1 = (d- d pir ) q+1 ; or 

(v) 0 < j < 2e/r with d pJr = d, and A is given by (12TT) with a = 0 and 6 9+1 = 1. 

Since the numbers of elements of Gl,n of types (i)-(iii) are (q — 1)(<7 + 1)(2 e/r),(q + 
1)(2 e/r),(q + 1)(2 e/r), respectively, we obtain \Gl,n\ = 2 (q + l) 2 e/r from Claim 1.1 and 
\Goo,l,n\ = 2 (q + l)e/r from Claim 1.2. 

Proof of Claims 1.1 and 1.2: One can verify that the image of N under (a.j € Gl with 
A given by (fl9l) has equation [(a + b q )bc q+1 + ad pJr ]y = [(a + b q )c q+l + d p3r ]z. Thus N is 
fixed by ( a.j if and only if (a + b q )c q+1 + d pJr = d[(a + b q )bc q+1 + ad pJr ], or equivalently a = 
[d pJr — b q c q+1 (bd — 1 )][d pJr+1 + c 9+1 (6d — l)] -1 . Plugging this into a + a q = 0, and using 
6 + b q = 0 and d + d q = 1, we obtain c q+l = d^ q+1 ' ,p3r (bd — 1)”( 9+1 ). (Note that bd 1.) Hence 
a= {(bd—l) q +bd qpJr ][(bd—l) q d+d qpJr ]~ 1 = —(bd—l) q+1 [(bd—l) q d+d qpJr ]~ 1 +b. One can see that 
(bd — 1 ) q d + d qp3r = 0 if and only if 6 = cO 1 — d~^ q+1 ' ,+pJr , and on the other hand this particular 6 
satisfies b+b q = 0. Therefore, an element (a,j of Gl with A given by (1191) fixes N if and only if a, b 
and c are as in (i). Such an element of Gl,n maps 00 to (0, (a+b q )~ l c~ q , a(a+6 9 ) -1 c -9 ). Hence it 
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fixes oo if and only if a = 0, or equivalently b = (d — d pJr ) . Here we require d pJr 7 ^ d. Note that 
this b satisfies b + b q = 0 and is distinct from d~ 1 — d~^ q+1 ^ +p3r because d p3r 7 ^ d — d q . (In fact, if 
d pjr = d—d q , then (d+d q ) p3 ' = d pJ> +d' ?pJr = (d—d 9 )+(d—d 9 ) 9 = 0 , contradicting the assumption 
d + d q = 1.) Note also that if b = (d —d pJr ) _1 then c q+1 = d( q+1 ') pjT (bd— l) _ D+i) = (d — d p3r ) q+1 . 
Thus (a,] £ Gl,n with A given by (fl9l) fixes 00 if and only if it is as described in (iv). 

The image of N under (aj £ Gl with A given by (1201) has equation ( ab q+1 +dP >r )y = b q+l z. 
Hence N is fixed by such an element if and only if b q+1 = d(ab q+1 + d pJr ), or equivalently 
a = d _1 — b~ ( ' q+1 >d pJr . Plugging this into a + a q = 0 and using d + d q = 1, we obtain b q+1 = d q+1 
and consequently a = d -1 — d~^ q+1 > Jrp3r . Thus (aj fixes N if and only if A is as given in (ii). 
This element of Gl,n maps 00 to (0,0, b~ q ) and so cannot fix 00. 

The image of N under (aj £ Gl with A given by m has equation ( ab q+1 d p3r + 1 )y = 
b q+1 d p3r z. Hence N is fixed by such an element if and only if b q+1 d pir = d{ab q+1 d pjr + 1), or 
equivalently a = d _1 — b~^ q+1 '^d~ p,r . Plugging this into a + a q = 0 and using d + d q = 1, we 
obtain b q+1 = d - (9+ 1 )(p 3V - 1 ) and so a = d~ 1 — d~( q+1 ^ +qpJr . Hence this Qa.j fixes N if and only 
if A is as given in (iii). Such an element of Gl,n maps 00 to ( 0 ,b,ab) and hence it fixes 00 if 
and only if a = 0, that is, d pJr = d. Note that if d p3r = d then b q+1 = 1 and so A is as described 
in (v). 

So far we have completed the proof of Claims 1.1 and 1.2. 

Case 2 : A 7 ^ 1. 


Denote /x = 1 — A so that g / 0 and /x 7 ^ d by our assumption. 

Consider a typical element (aj of Gl with A given by (fT9l) . Set / = (a — b)~ l c~ q so that 
/ / 0 and a = b + c~ q f~ l . Since b + b q = 0, one see that a + a q = 0 if and only if cf q + c q f = 0. 
Thus (11911 can be rewritten as 


1 0 0 
0 / c 

0 bf + c~ q be 


( 22 ) 


where b £ F g 2 , c, / £ F * 2 such that b + b q = 0 and cf q + c q f = 0. 

Claim 2.1: Gl,n consists of those Qa.j (where 0 < j < 2e/r) such that one of the following 
holds: 


(i) A is given by (1221) with c = (/.1 — d) pjr n pJr+1 [b(fi — d) + 1] 1 and / = [c q+1 — c/j, pJr 1 (/r — 
d)]c _9 (/x — d )~ p3r , where b £ F ? 2 satisfies b + b q = 0 , b 7 ^ — (/x — d)~ x , b 7 ^ (/x — 
d')P ir ~(q+Af 1 -( q +A(p jr — (^ — d) _1 , (note that b 7 ^ — (/x — d ) _1 is satisfied automati¬ 
cally when A + X q / 1), and in addition j satisfies 


1 _ ^ (ff+i)(p , ' r -i) 

“X 


= 1 


( 23 ) 


when A + A 9 7 ^ 1; 

(ii) A is given by (12U1) with a = (/x — d) pjr ~^ q+1 '> — (/x —d ) _1 and b = /j J q ( p3r ^ 1 ')( / u — 

d) 9 , and in addition j satisfies (l23ll when A + A 9 7 ^ 1; 
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(iii) A is given by (12T1) with a = (fi — d) qpJr *- 9+1 V ( t i+ 1 )(P jr i) _ Q/ — d) 1 and b = (/r(/i — 
d) -1 ) 9 ^ -1 ), and in addition j satisfies (1251) when A + A 9 / 1. 

Claim 2.2: Goo^l.n consists of those CA,j (where 0 < j < 2e/r) such that one of the 
following holds: 

(iv) A is given by (1221) and j is such that - 1 ) ^ (^ _ d) pJr ~ 1 , where b = ^( | 7+ 1 )(p- 7r - 1 ) 

[/ i ( , ?+ 1 )(p jr - 1 )(^_ c f)9_ (yu —d) 9pJr ] _1 , c and / are as in (i) above, and in addition j satisfies 
(1231) when A + X q / 1; or 

(v) A is given by (1211) and j satisfies y J ( q + 1 )(p ir _1 ) = (// — d) pJ '~ l , where a = 0, 6 = (/i(/r — 
d) _1 ) g ( p ' 7r ^ 1 ), and in addition j satisfies (1231) when A + A 9 / 1. 

One can see that the number of integers 0 < j < 2e/r satisfying (1231) is equal to 2 e/l*r. 
Thus, by the claims above, if A + A 9 / 1, then \Gl,n\ = 2{q + 1 )e/l*r and IGqo^.ivI = 2 e/l*r; 
and if A + X g = 1, then IG^jvI = 2 qe/r and |Goo,L,jv| = 2e/r. 

Proof of Claims 2.1 and 2.2: The image of N under (aj £ Gl with A given by (1221) has 
equation c/jl^ x + {(// — d) pJr — bc q [c — f(/j, — d) pJr ]}y + c q [c — /(/i — d) pjr ]z = 0. So N is fixed 
by this element Cl j if and only if 



^ (/i-d) p,P 


c^ r 

= M {(/z - d)^ r - - /(M - d)^]} 

(24) 

c q [c- f(n- d) pJT ] 

= (ji~ d){(p - d') pJr - bc q [c - f(p - d) pJ ’ ]}. 

(25) 

These hold if and only if 

b(n - d) + 1 

/ 0 

(26) 

/ 

= [c 9+1 - c^ r - l {ii - d)]c _9 (// - d)~ pjr 

(27) 

c 

= (fi-d) pjr f i~ pjT+1 [b(n-d) + I]” 1 . 

(28) 


Given c and / above, by using b + b q = 0, one can check that cf q + c q f = 0 holds if and only 
if 

/i (9+i)(p’ > -i) [ (/z - d) + (fi - d) 9 ] = [( M - d) + (/x - d) 9 ]^. (29) 

Note that (/u —d) + (/M —d ) 9 = 1 — X — X q since d+d q = 1. If A + A 9 / 1, then (1221) can be rewritten 
as (l-A)fo +1 >( p,v - 1 > = (1 —A—A 9 ) p,V_1 , which holds if and only if A^ 1 )^- 1 ) = (l-A-A 9 )^" 1 . 
Using this one can further verify that in this case (1291) holds if and only if j satisfies (1231) . Thus, 
if A + A 9 = 1 then cf q + c 9 / = 0 holds for any j, and if A + A 9 7 ^ 1 then cf q + c q f = 0 if and 
only if j satisfies (1231) . 

Note that (1221) holds automatically if A + A 9 7 ^ 1. If A + A 9 = 1 then b\ := — (/x — d)~ l is 
a solution to x + x q = 0 and (1221) amounts to 6 7 ^ b\. With c and / above we have: / 7 M) 
c 9 + v q(pir ~ l) {v~d) q (n-d)P jr n~P jr+1 [b{n-d) + 1 ]” 1 ± -d) q 

<(=> b 7 ^ 62 := (/i — d) pJr_ ( 9+1 )// _ ( 9+1 )( p: ' r_1 ) — (/U — d) -1 . One can verify that 62 + 63 = 0 if (1221) is 
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satisfied. So b can be any solution to x + x q = 0 except b± and 62 when A + A 9 = 1 and 62 when 

A + A^l. 

The above shows that an element Qa.j G Gl with A given by (12211 fixes N if and only if c 
and / are given by (1281) and (1271) . respectively, where b G F g 2 satisfies b + b q = 0, b 7 ^ b\, 62 , 
and in addition j satishes (1231) when A + A 9 7 ^ 1. This element maps 00 to (0, /, bf + c~ q ) and 
hence it fixes 00 if and only if bf + c~ q = 0. Using ([ 27l) . ([28]) and b + b q = 0, this condition is 
equivalent to that b\y^ q+1 ^ r_1 \y — d) q — (y — d) qpjr } = ^( | J+ 1 )(p ?r - 1 ) ) which can not be satisfied 
when / u('?+ 1 )(P jr ^ 1 ) = (y — d) p3r ~ l as /r 7 ^ 0. On the other hand, if ^( 9 + 1 )(p ; "'~ 1 ) ^ (^ — d) pjr ~ 1 , 
then this condition amounts to b = 63 := ^( 9 + 1 )(p ;,r - 1 ) [ /U ( | ?+i)(p ir -i)_ d) q — (^i — d) 9pJr ] _1 . One 
can check that 63 + 63 = 0 and 63 7 ^ b \, 62 . 

The image of IV under Gt.j G Gl with A given by (12U1) has equation 6 /r pJr x + [— ab q+1 + 
{y — d) pir ]y + b q+1 z = 0. So N is fixed by this element if and only if a / b~( q+1 \y — d) p> '. 
by pl ' = /i[— ab q+1 + {y — d) pJr ] and b q+1 = (/j, — d)[—ab q+1 + (y — d) pJ ’ ]. From this and noting 
a + a q = 0 one can verify that such an element (aj fixes N if and only if j satisfies (12911 and a 
and b are as in (ii) of Claim 2.1. (The proof above shows that (1291) is satisfied when A + X q = 1 
and is equivalent to (1251) when A + X q 7 ^ 1.) Such an element maps 00 to (0, 0,b~ q ) and so it 
never fixes 00 . 

The image of N under (aj € Gl with A given by (12TT) has equation 6/i pJr x + [1 — ab q+1 (y — 
d) p3r }y+b q+l {n—d) p:ir z = 0. Hence N is fixed by this element if and only if a / b~^ q+1 \/i—d)~ pjr , 
byP 3 ' = y[l — ab q+1 (y — d ) p3r ] and b q+1 (y — d) p37 = (y — d)[ 1 — ab q+1 (y — d) p3r ]. From this and 
using a + a q = 0 one can verify that such an element (a.j fixes N if and only if j satisfies (1291) 
and a and b are as in (iii) of Claim 2.1. Since this element of Gl,n maps 00 to ( 0 , b, ab), it fixes 
00 if and only if a = 0 , which holds if and only if y(i +1 ')(P jr = (y — d) p3r ~ 1 . 

Up to now we have completed the proof of Claims 2.1 and 2.2 and hence the proof of the 
lemma. □ 

Proof of Theorem 1121 It is clear that C is a G-invariant partition of V{q). By Lemma 
M and using the notation there, ( 00 , L) and (r, N) are adjacent in T = T r ,\(q). So by the 
orbit-stabilizer lemma the valency of Tc is given by b(C) := |Gl|/|Gl,at|, which together with 
Lemma HT1 yields (a). The number of vertices in C(L ) having neighbours in C(N ) is given by 
k(C) := \Gl,n\/\Goo,l,n\- This together with Lemma ITT and the G-symmetry of Tc implies that 
T is a multicover of Tc if A = 1 or A 7 ^ 1 and A + X q 7 ^ 1, and k{C) = q if A + \ q = 1. Since C 
has block size q + 1, the number of blocks of C containing at least one neighbour of ( 00 , L) is 
given by b(C)k(C)/(q + 1) and so (b) follows. Since the valency of T is k*q(q 2 — 1) by Theorem 
[ 8 ] and k* = 1 when A = 1, for adjacent G(Li),G(L 2 ) £ C, by (b) the valency of the bipartite 
subgraph of T induced on G(Li) U G(L 2 ) (excluding the isolates) is equal to q + 1 if A = 1, k*/l* 
if A 7 ^ 1 and A + A 9 7 ^ 1, and k* if A + A 9 = 1. In particular, if A = 1, then T is isomorphic to 
the lexicographic product of Tc and the empty graph of q + 1 vertices. □ 

Remark 15. (a) Using the notation in Lemma 11(11 if A + A 9 = 1, then (u) = (0,1 — A — d, —1) 
is a point of Un(q) which is in both L and N. Since ((u),L) and ((u),N) are not adjacent in 
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Pt\a(<z)> by part (c) of Theorem fl2l ((u),L) (((u ),N), respectively) is the only vertex in C(L ) 
( C(N ), respectively) without neighbour in C(N) ( C(L ), respectively). 

(b) In the special case when (' xjf)\ = {ip r )rj, we have k* = l* and so r ri/ \((/) is a cover of 
T r ,A {q)c by part (c) of Theorem fT2l 

5 Proof of Theorem |1] 

Suppose F,G,B and V(F,B) satisfy the conditions in Theorem [I] By Lemma [7] T is isomorphic 
to a G-flag graph F{T>, O, \k) for a G-doubly point-transitive linear space T>. Since such a linear 
space is necessarily G-flag-transitive, Fl must be the set of all flags of V, and ’L is a self-paired 
G-orbital of II compatible with FI. Since II clearly satisfies (A 2 ) and (A3), Fl is feasible if and 
only if every point of T> is incident with at least three lines and, for distinct points a and r, G ar 
is transitive on the lines incident with a but not r. 

Since T> is nontrivial and G is almost simple with socle N , by m Theorem 1], V and (G, N ) 
are as in one of the following cases: 

(i) V = PG [d - 1, q), N = PSL(d, q), d > 3; 

(ii) V is the Hermitian unital Un{q), N = PSU(3, q), q > 2 a prime power; 

(iii) V is the Ree unital U^q) (see [TO]), N = 2 G 2 {q) is the Ree group, q = 3 2s+1 > 3; 

(iv) V = PG(3, 2), N = A 7 . 

Note that in each case above, except N = 2 G 2 ( 3 ) (= PrL(2,8)), N is also doubly transitive on 
the points of D. 

Case (i) In this case we have PSL(d, q) < G < PrL(d, q) and T is isomorphic to F + (P] d, q) 
or r ~(P;d,q) by ^], Theorem 3.6]. 

Case (ii) In this case we have PGU(3, q) < G < PrU(3, q) and T is a unitary graph by 
Theorem[ 8 ] Note that, if 3 divides q + 1, then G ^ PSL(3,g) by Lemma flUI bi. 

Case (iii) It is well known that N := 2 G 2 (q) is transitive on the flags of Un{q) and 
Aut (Un(q)) = Aut(A r ) = N x C' 2 s+i (see e.g. [7]), where C 2 S +1 is the cyclic group of order 2s +1. 
Identify Aut(IV) with K := N x C 2 S +1 and let A^ < G < I\. Let a and r be distinct points of 
Uu(q). Since G and I\ are doubly transitive on the points of Un(q ), we have G = NG ar and 
K = NK ar . Thus Nor < G aT , N aT < Kar , G := G/N “ Gar/Nar and ((/)) “ K/N ^ Kar/Nar . 
It is known that N ar is isomorphic to the cyclic group of order q — 1 (see e.g. [4, Section 7.7]). 
Since |G/!V| divides \K/N\ = 2s + 1, we may assume |G| = 2s' + 1 > 1 for some divisor 2 s' + 1 
of 2s + 1 so that |G ctt | = (q — l)(2s' + 1). If (A4) is satisfied by ( G,Un(q )), that is, G ar is 
transitive on Fl(a) \ {(<j,L)}, where L is the line through a and r, then q 2 — 1 divides |Go- r |, 
which occurs if and only if q + 1 divides 2 s' + 1. However, this cannot happen since q + 1 is 
even but 2s' + 1 is odd. Thus (G, Uji(q)) does not satisfy (A4) and so the set of flags of Uji(q) 
is not feasible with respect to G. Therefore, no G-symmetric graph satisfying the conditions of 
Lemma [7] arises from Un(q). 
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Case (iv) We may view Ay as a subgroup of GL(4, 2) (= A&) generated by 


'0 

1 

0 

r 


T 

1 

1 

r 

0 

1 

1 

0 


0 

1 

1 

0 

0 

1 

0 

0 

5 

1 

1 

0 

0 

1 

0 

1 

i_ 


_0 

0 

1 

0 ' 


Then Ay is 2-transitive on the vertex set V (4, 2) \ {0} of PG(3,2). The only possibility is G = Ay 
because Aut(^ 7 ) = Sy is not a subgroup of Aut(PG(3,2)). A typical line of PG(3, 2) is of the 
form L(crr) := {cr, r, o + r}, where a and r are distinct points of V (4,2) \ {0}. Since G, 7T = A 4 
is transitive on V(4, 2) \ {0,cr, r, a + t} (see e.g. 0), G aT is transitive on the flags of D other 
than (cr, L(ctt)) whose point-entry is cr. Consequently, the set 14 of flags of T> is feasible with 
respect to G. 

We now give all self-paired G-orbitals T = ((< 7 , L), ( t,N)) g of 14 compatible with 14. 

Consider first the case when L and N have a common point for some (and hence all) 
((a, L), (r, N)) £ T. By the 2-transitivity of G on V(4, 2) \ {0}, we may fix distinct £ 
V (4, 2) \ {0} and L = and take ij as the common point of L and N. It is known that each 

involution of G fixes exactly three points in 1/(4, 2 ) \ { 0 }. Choose an involution g of G which 
fixes rj but not cr. Set r = a 9 and N = L{rrj). Then 4 /1 := ((cr, L), ( t,N)) g is self-paired and 
compatible with 14. Since G ari < G at L and G ar) = A 4 is transitive on 1/(4, 2 ) \ { 0 ,cr, ? 7 ,cr + 77 }, 
G at L is transitive on the flags of T> with point-entry i] and up to isomorphism T(T>, 14, Ti) is 
the unique G-flag graph of T> in the case when L and N have a common point. Moreover, 
since PG(3,2) is G-flag transitive, we see that two flags (< 7 i, Li), (n, N\) £ 14 are adjacent in 
Ti := r(Z4,!4,'ki) if and only if L\ and iVi have a common point which is neither a\ nor t\. 
Since there are 7 lines passing through each point and L has two points other than cr, this graph 
has valency 2-2-6, diameter 2 and girth 3. 

Next we consider the case when L and N have no common point for any ((a, L), (t, N)) 
£ 'k. Since T> is G-flag-transitive and G^l is transitive on the points of T> not in L, in searching 
for such self-paired G-orbitals \k = ((a, L), (t, N)) G , we may fix cr, r and L without loss of 
generality. For a fixed choice of cr, r and L, there are at most four such T because there 
are exactly four lines of T> through r which have no common points with L. Choosing cr = 
(1, 0,0, 0), r = (0,0,1,0) and L = {(1,0, 0,0), (0,1, 0, 0), (1,1,0, 0)}, these four lines are N\ = 
{r, (0,0,0,1), (0,0,1,1)}, N 2 = {r, (1,0, 0,1), (1,0,1,1)}, N 3 = {r, (0,1,0,1), (0,1,1,1)} and 
N 4 = {r, (1,1,0,1), (1,1,1,1)}. Using MAGMA [2] we verified that T 2 := ((cr, L), (r, Ni)) G = 
((cr, L), (r, N 2 )) G , ^3 := ((cr, L ), (r, N 3 )) G and ^4 := ((cr, L), (r, A^ 4 )) G are all self-paired, and the 
corresponding graphs T 2 := T(U, 14, H/ 2 ), ^ := T(V, 14, T 3 ) and T 4 := T(V, 14, 4 ^ 4 ) are pairwise 
nonisomorphic. 

Since PG(3, 2) has 15 points and 35 lines with each line containing 3 points and each point 
contained in 7 lines, the graphs Tj, * = 1,2,3,4, have 3 • 35 = 105 vertices. We have |G CT) l| = 24 


and G at L,T consists of the identity together with the involution 


110 1 
0 10 0 
0 0 11 
0 0 0 1 


fixing both N 3 and 
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and swapping N\ and IV 2 . Thus T 2 , T 3 and T 4 have valency 24,12 and 12 respectively. Using 
MAGMA [2] we obtain that T 2 ,r 3 ,T 4 have (diameter, girth) = (3,3), (3,4), (3,3) respectively. 
□ 


In Case (iv) of the proof above, the pointwise stablizer G/jy of L in G is generated by 


'1 

0 

1 

r 


T 

0 

1 

1 " 

0 

1 

1 

0 


0 

1 

0 

0 

0 

0 

1 

0 

5 

0 

0 

0 

1 

0 

0 

0 

1 


0 

0 

1 

1 


and is regular on the 12 points of PG(3, 2) \ L. Hence the neighbourhood of (a, L) in 1^3 
(T 4 , respectively) consists of the images of (r, A 3 ) ((r, IV 4 ), respectively) by G( L y, and the 
neighbourhood of (er, L ) in T 2 consists of the union of the images of (r, Ni) and (r, N 2 ) by G^y 
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